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Abstract 

Back  scattering  is  calculated  for  an  acoustic  wave  incident  on  a  hard 
or  soft  finite  cone,  and  an  electromagnetic  wave  incident  on  a  perfectly 
conducting  finite  cone.     Two  shapes  of  cone  are  treated,  one  with  a  flat  base 
and  the  other  with  a  rounded  base.     The  calculation  is  based  on  the  geometrical 
theory  of  diffraction.     Therefore  it  is  valid  for  wavelengths  as  large  as 
the  cone  dimensions  or  smaller.     Graphs  of  the  back  scattering  cross-section 
versus  cone  angle  and  versus  wavelength  are  given  for  axial  incidence  on  the 
flat-based  cone.     Suggestions  for  shaping  an  object  to  minimize  its  back 
scattering  are  also  included. 
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1.   Introduction 

The  back  scattering  from  a  finite  cone  is  calcvilated  in  this  report 
by  means  of  the  gecanetrical  theory  of  diffraction'-.-' '  L  J  Three  different 
physical  problems  are  considered.  One  is  that  of  an  acoustic  wave  inci- 
dent upon  a  rigid  cone.  The   second  is  that  of  an  acoustic  wave  Incident 
upon  a  perfectly  soft  (pressure-release)  cone.  The  third,  and  perhaps 
most  important,  is  that  of  an  electrcxnagnetic  wave  incident  upon  a  per- 
fectly conducting  cone.  In  all  cases  two  different  types  of  cones  are 
treated.  One  is  a  truncated  right  circvilar  cone  with  a  flat  base.  The 
other  has  a  rovmded  base  which  is  a  portion  of  a  sphere.  The  sphere  and 
cone  Join  smoothly,  with  no  sharp  edge.  For  simplicity  the  incident  wave 
is  assimied  to  be  plane  and  only  the  back- scattered  field  is  found,  al- 
though both  of  these  limitations  could  easily  be  removed. 

The  theory  employed  here  represents  the  back-scattered  field  as  a 
superposition  of  fields  on  various  rays.  Some  of  these  are  the  ordinary 
optical  rays  which  are  reflected  from  the  cone  and  the  others  are  diffracted 
rays.  In  the  next  section  the  various  rays  are  described  and  a  qiialita- 
tive  description  of  the  back  scattering  process  is  given.  In  Sections  5-5 
the  qxxantitative  results  are  derived  emd  exainined.  Graphs  of  the  back 
scattering  cross  section  are  also  presented.  In  the  conclusion.  Section 
6,  suggestions  are  made  about  shaping  an  object  to  minimize  its  back- 
scattering  cross  section. 

Most  of  the  previous  theoretical  results  on  back  scattering  from 
cones  have  concerned  semi-infinite  cones.  For  such  cones  the  acoustic 
diffraction  problem  was  solved  exactly  and  explicitly  by  H.  S.  Carslaw*-''-' 
and  the  electromagnetic  problem  by  W.  W.  Hansen  amd  L.  I.  Schiff-  -• . 
Their  solutions  were  given  as  infinite  series  which  were  dlfficvilt  to 
eval\iate.  For  the  case  of  axial  incidence,  the  back  scattered  fields 
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were  evaluated  for  small  angle  and  large  angle  cones  by  C.  E.  Schensted'-'^-J , 
K.  M.  Siegel,  J.W.  Crispin  and  C.  E.  SchenstedL^J  and  L.  B.  Felsen LH *  L°J . 
For  off  axial  incidence  on  einall  angle  cones,  they  vere  evaluated  by 
L.  B.  FelsenL.'  For  axial  incidence,  Felsen*-  ■'  has  also  evaluated  the 
back  scattered  fields  approximately  for  cones  of  any  angle.  Another 
approximate  result  for  the  back  scattered  field  was  found  by  R.  C. 
Spenser L  -J  using  the  Kirchhoff  method.  All  of  these  results  pertain  to 
the  field  diffracted  from  the  tip  and  yield  "vrtiat  we  call  the  tip  diffrac- 
tion coefficient.  As  we  shall  see,  this  field  is  not  important  for  the 
flat-based  cone,  but  it  is  important  for  the  round-based  cone. 

The  kirchhoff  method  has  been  applied  to  the  finite  cone  by 
K.  M.  Siegel,  et  al^.  -•   Siegel  I-  ^  has  also  treated  the  case  of  axial, 
incidence  on  the  flat-based  finite  cone  by  a  variant  of  our  method.  However, 
his  result  is  incorrect  because  of  an  eriror  in  his  formula  for  the  field 
scattered  from  a  wedge. 


2.   Qualitative  description 

Let  us  consider  a  plane  wave  incident  upon  a  finite  cone  with  a  flat 
base.  We  denote  the  half -angle  of  the  cone  by  7   and  the  radius  of  the 
base  by  a.  (See  Figure  1.)  Let  0  denote  the  angle  between  the  incident 
rays  and  the  axis  of  the  cone,  with  the  range  of  0  given  by  0  <  0  <  «. 
The  extreme  values  0=0  and  0  =  n  denote  incidence  along  the  axis,  upon 


the  tip  and  base  respectively.  When  0  =  «  the  incident  rays  hit  the  base 
normally  and  therefore  produce  specxilarly  reflected  rays  which  return  to 
the  source.  When  0  =  $  -  7  the  incident  rays  are  normal  to  the  curved 
surface  of  the  cone  and  also  give  rise  to  spec\ilarly  reflected  rays  which 
return  to  the  source.  For  all  other  values  of  0  no  specularly  reflected 
rays  are  retiomed  to  the  source.  As  a  consequence  the  back  scattering  is 
strongest  at  0  ■:  n  and  0  «  p  -  7. 

When  0  j/  rt,  ^  -  7  the  only  back  scattered  rays  are  diffracted  ones. 

The  field  on  a  ray  diffracted  frcan  the  tip  is  proportional  to  k  ,  that 

-1/2 
on  a  ray  diffracted  from  the  edge  Is  proportional  to  k    ,  and  that  on 

a  siirface  diffracted  ray  decreases  exponentially  with  k.  Therefore  for 

large  k,  or  more  precisely  for  large  ka,  the  edge  diffracted  rays  are 

most  important,  the  tip  diffracted  rays  are  next  and  the  surface  rays 

least,  Rays  doubly  diffracted  at  edges  also  have  fields  proportional 

to  k   so  they  are  equal  in  importance  to  tip  diffracted  rays.  When 

0  «=  0  or  It  the  edge  diffracted  rays  have  a  caustic  on  the  axis,  so 

1/2 
their  field  there  is  multiplied  by  k  '  .  In  this  case  the  singly 

diffracted  edge  rays  contribute  a  field  proportional  to  k  and  the 

-1/2 
doubly  diffracted  ones  a  field  proportional  to  k  '  .  Thus  when  0=0 

the  doubly  diffracted  edge  rays  are  more  ingjortant  than  the  singly  diffracted 
tip  ray.  In  addition  the  amplitude  of  the  singly  diffracted  edge  field  is 
independent  of  k,  just  like  the  incident  field. 

When  0  lies  in  the  interval  0  <  0  <  7  or  the  interval  ^  <  0  <  n,  tvo 
rays  singly  diffracted  at  the  edge  are  returned  to  the  source.  Therefore 
in  these  ranges  the  back  scattered  field  will  be  an  oscillatory  fvmction 
of  ka,  due  to  interference  between  these  two  rays.  When  0  lies  in  the 
interval  r  <  0  <  p  °°^  °°®  "^y  singly  diffracted  at  the  edge  returns  to 
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Figure  1> 

Cross  section  of  a  finite  cone  of  half-angle  y  with  a 
flat  base  of  radius  a.  The  tip  of  the  cone  is  the  origin 
of  a  polar  coordinate  system  and  the  angle  ^  is  measured 
from  the  axis. 


Figure  2« 


Cross  section  of  a  finite  cone  of  half -angle  y  with  a 
spherical  base  of  radius  a.  The  cone  is  tangential  to 
the  sphere  where  they  join. 
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the  source.  Therefore  the  field  will  not  oscillate  as  ka  varies,  except 
for  a  small  oscillation  due  to  interference  with  a  doubly  diffracted  ray. 
In  all  these  cases,  the  eimplitude  of  the  field  will  be  proportional  to 

Let  us  now  consider  the  same  problem  for  the  finite  cone  of  Figure 
2.  This  cone  has  a  spherical  rear  surface  which  joins  the  cone  smoothly. 
Now  a  will  denote  the  radius  of  the  rear  surface.  In  this  case  specularly- 
reflected  rays  are  returned  to  the  source  for  all  values  of  0  in  the  range 
^-7<0<n,   In  the  range  0  <  0  <  ^  -  7  only  tip  and  sirrface  diffracted 

rays  return  to  the  source.  When  0=0  the  surface  diffracted  rays  have 

1/2 
a  caustic  on  the  axis  so  their  field  there  is  miiltiplied  by  k  '  .  The 

relative  importance  of  these  two  kinds  of  rays  depends  upon  the  value 
of  ka.  For  very  large  values  of  ka,  the  tip  ray  is  more  important  while 
for  smaller  values  of  ka  the  surface  rays  are  dominant.  When  the  tip 
ray  is  dominant,  interference  does  not  occur,  so  the  field  does  not  os- 
cillate as  ka  varies. 

3»   Flat  basgd  cone  -  single  diffraction 

We  shall  first  determine  the  back  scattered  field  for  the  flat-based 
cone  when  </>  ^  0,   ^  ~  7 >   «•  Th®  field  on  rays  singly  diffracted  from  the 
edge  will  be  called  u  .  According  to  reference  [2],  it  is  given  by 

P        -7-1/2  Uo-  r-  -n-1/2  ikr 

(1)     %i(P)  =  l^l^l+Pl  ^l|J    «   \u^(P^)+|r2(l+P2  r^U    e  \yx^{V^). 

In  (l),  P  denotes  the  point  at  which  the  field  is  being  determined  while  P^ 
and  Pp  denote  the  two  points  on  the  edge  from  which  rays  are  diffracted  to 
P.  The  point  on  the  edge  nearest  to  P  is  P  and  its  distance  from  P  is  r^. 
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D-  is  the  diffraction  coefficient  which  depends  upon  the  directions  of  the 
incident  and  diffracted  rays  at  P^ .  The  non-vanishing  radius  of  curvature 
of  the  diffracted  vavefront  at  P,  is  p^,  and  the  incident  field  is  u..  The 
corresponding  quantities  with  the  subscript  '2 '  are  evaluated  at  Pp,  the 
point  on  the  edge  farthest  from  P.  When  0   lies  in  the  range  7  <  0  <  p 
only  the  P,  term  is  present  in  (l)  since  then  the  point  Pp  is  hidden  by 
the  cone. 

To  evaluate  the  right  side  of  (l)  let  us  introduce  the  polar  coordinates 
r,  ©.   In  terras  of  them  the  incident  field  is  assiomed  to  be  given  by 

f^\  /   /^^    A   -ikrcos(e-0) 

(<i)  u^(r,e)  =  A  e       ^      ^' . 

In  (2)  A  is  a  constant,  which  is  a  vector  in  the  electromagnetic  case. 
The  coordinates  of  P,  are  a  esc  y   and  n-y   so  u.(P^)  =  Aexp  ikacsc7COs(7+0)  . 
Similarly  u.(Pp)  =  Aexp  ikacsc7cos(7-0)  .  Ihe   radius  p,  is  just  the  signed 
distance  along  the  diffracted  ray  from  P,  to  the  axis,  which  is  a  caustic 
of  the  diffracted  rays.  A  simple  geometrical  calculation  yields 


f,\  /-   -1  X     rsin9 

(5)  (1+  P^   r^)  =  -^- 


To  calculate  D^  for  an  acoustic  wave  we  utilize  (AlO)  of  reference  \2\  . 
In  that  eqxiation  we  must  f;et  (3  =  n/2  because  the  incident  ray  is  normally  in- 
cident on  the  edge.  We  also  set  9  =  a  because  we  will  consider  only  back 
scattering.  We  find  at  once  that  at  P, ,  a  =  n  -  0  while  at  Pp,  a  =  n  +  0. 
Thus  we  obtain 


*^Equation  (AlO)  of  reference  \_2]   is  written  incorrectly  and  should  read 


D  = 


sin<,n/n;   (cos  -  -  cos  ^^)  +(co8 cos  — - — ) 

I ^    n       n        n        n 

n  sinPV  2rtk   I 
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(5) 


n  /2nk     i—  — ' 

Here  n  =  ^  +  -.  The  upper  sign  in  (5)  applies  to  the  cone  on  which  the 
2   It 

field  vanishes  (the  soft  cone)  while  the  lower  sign  applies  to  one  on 
which  the  normal  derivative  vanishes  (the  hard  cone).  To  obtain  D^  we 

■ 

need  merely  change  the  sign  of  0  in  (5).  In  the  electromagnetic  case 
these  same  diffraction  coefficients  can  be  used,  the  upper  sign  applying 
to  the  electric  field  component  parallel  to  the  edge  and  the  lower  sign 
to  the  component  normal  to  the  edge. 

For  large  r  it  is  convenient  to  express  r^  and  r^   in  the  phase 
factors  in  terms  of  r  and  9  by  r.  ;?;  r  +  a  esc  y   cos (7+0)  and 
Tp  ^  r  +  a  CSC  7  cos(7-0).   In  the  amplitudes  it  suffices  to  use 
r,  ^«  rp  ^r.  Upon  combining  all  these  results,  and  setting  0  =  0,  we 
obtain  frcm  (l)  in  the  scalar  case 

iki^2kacsc7co6(7+0)+i  r 

...  ,      J-.       -JZ  8in(jt/n)Ae [7    n     ,  \-1t/    «      5«-20^-l 

(6)  u^3^(r,0)  »  ^^^ ^-'—^ Kcos  -  -1)  4:(cos  -  -  cos  —^) 

nr  y2rtk  sin  0 

This  result  holds  for  7  <  0  <  ^  when  only  one  edge  diffracted  ray  returns  to 
the  source.  In  the  range  0  <  0  <  7  and  ^  <  0  <  it  when  two  such  rays  occur, 
u  j^  is  given  by  the  right  side  of  (6)  plus  the  same  expression  with  0  replaced 
by  -0.  Thus  in  this  range 

7)  u  ^^  ^^  -  V^  sin(it/n)Ae^^  (  i  [^cscycos(7+0)+  g]  ry    ^  ^  3n-20.-r 

el^^'^'' —   >   f      Ve    ^~  — '    (cos 1)       +(cos cos ^) 

nrV2itkBin0  L.        ^^  "  "^        _ 


i   "" 
+e 


i^acsc7cos(7-0)-|^r         „  1  «  3n+20,-r 

^—  — '    (cos  -  -1)       +(cos cos  "^ '^) 

[_;_        n  n  '^        _ 


(in  the  last  term  3«+20  must  be  replaced  by  20- Jt  when  oS^^"')  ^^  i^) 
and  (7)  the  tipper  signs  hold  for  the  soft  cone  and  the  lower  signs  for  the 
hard  cone. 

In  the  electromagnetic  case  (6)  and  (7)  also  apply.  The  soft  cone 
resiilt  applies  to  the  electric  field  component  parallel  to  the  edge  at 
P^  -  i.e.,  peirendicular  to  the  plane  containing  P  and  the  axis.  The 
hard  cone  result  applies  to  the  electric  field  ccanponent  normal  to  the 
edge  at  P^  -  i.e.,  lying  in  the  plane  containing  P  and  the  axis. 

The  result  (6)  is  not  valid  at  0  "  -  -  y   where  it  becanes  infinite. 
For  this  value  of  0  the  specularly  reflected  ray  must  also  be  taken  into 
account.  The  result  (7)  is  not  valid  at  0  «  0,  n  where  it  becomes  in- 
finite. For  these  values  of  0  the  diffracted  i^ys  form  a  caustic  on  the 
axis,  and  in  addition  at  0  »  «  the  speciilarly  reflected  rays  oust  be 
considered. 

Let  us  first  obtain  a  modified  form  of  (7)  valid  at  0  «  0.  To  this 
end  we  define  p  =  r  sin  9,  >rtiich  is  the  distance  of  P  from  the  axis.  We 
also  define  5  »  cos"  (a/r)  and  note  that  p  cos  6  ■  a  sin  6.  Now  we  must 
reexamine  (7)  before  setting  6  equal  to  0,  with  0  ■  0.  Iherefore  we 

return  to  (l),  set  u.(P,)  »  ^1(^0)  ^^  \  "  ^p'  "°®  ^^^  ^^  ^^^'  ^^'^ 
in  the  phase  set  r,  =  (r  cos  6  +  a  cot  7)  sin  6  +  (a  -  p)co8  5.  For 
rp  we  use  the  same  formula  with  -p  in  place  of  p.  Tben  (l)  becomes, 
after  seme  simplification,  instead  of  (7) 

(8)   u,(r,e).  hMs^I^sI^  [(^.  I  .1,-1  ;  (CO.  2  -  CO.  ^r^ 
«•'•         nrV2jtkpco86     U   "  u  u      _^ 

r-ik(rco8e8in6-pco88)+lf    ik(rco8esin5+pco85)-i]^~j 

l!  *°  J- 

This  is  of  the  form  given  in  (AI5  )  of  reference  [2] .  Therefore  we  may 
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apply  the  axial  caustic  correction  given  there.  Upon  doing  so  and  eliminating 
5,  we  obtain  for  ©  small 

(9)   u^i(r,G)  =  asin(./n)Ae^^("^""°""^^  j^(kasinO)  [Tcos  J  -l)-^?(cos  |  -cos  |l)-^ , 

At  G  =  0,   the  Bessel  function  J     is  equal  to  one.     Th\is  at  ©  =  0  (9)  becomes 
the  following,  which  is  the  back  scattered  field  at  0  =  0 


(10) 


.^^,,0,  =    -^M-./nJA/"'-^--^'    [(.„3  I  -D-  ;  (=.s  f  -  cos  ^J-5   . 


Now  we  consider  0  =  n.  Again  we  must  return  to  (l)  and  keep  0  ^  rt. 
Proceeding  as  above  we  obtain  from  (l) 

(11)     u  .(r,0)   =     asin(./n)Ae-^^°°!!   T        j  _^)-l  -   (^^^  j  _  ^^^(^  ^  l^j-Il 

nr  V2rtkpco86  ^  — ^ 

[-ik(-rcos©sin5+[a-£]cos6)+i  j-     ik(-rcos©sin5+[a+p|cos6-i  ^ -i 
e  «  J 

Ifpon  applying  the  caustic  correction  to  (ll),  we  obtain 

,    ,    /  X,     -ik(rcos©Bin5+2aootr)  j-        ^  ^ 

(12)    u^(r,e)  =   -^M'/")^ jjtosme)  [7=os  I  -D'^ 


f(eosl.cos(|s^|))-^. 


Although  (12)  is  finite  at  any  finite  distance  r  along  the  axis,  it 

becomes  infinite  as  r  becomes  infinite  because  then  5  =  cos  (a/r)  tends  to 

jt/2.  Of  coiirse  there  is  also  a  reflected  field  u_  on  and  near  the  Eixis, 
given  by 

(15)  uj^(r,©)  =  +  Ae-^^(^=°^^2acot7)^    |^  sin  ©1  <  a,    ©  >  |  . 
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The  total  field  (u,r,9)   is  the  svm  of  the  reflected  aad  diffracted 
fields.     Its  form  on  the  axis  for  large  r  can  be  conrpvrted  from  (12)  and 
(15)  hy  first  setting  0  =  it  and  6  =  (n/2)   -  (a/r).    Then  for  large  r. 


f-,),\  ^  A  ik(r-2acot?5  -  -   -  asinfn/n)/,    ika  )/    _  «       ^„„/«       a  \1 

(14)     u  =  Up+u^^  =  Ae     ^  ^  -f  1  +      nr  Q--^A°     n  "  ""^Ks  "  S?//    ^ 


-  ika  A     ik(r  -  2a  coty)  • 

=       +   -rr e 

2r 


Equations  (6),  (7),  (lO)  and  (ih)   give  the  back- scattered  field 
for  all  directions  of  incidence  except  0  =  k/2  -  7.  From  these  eqxiations 
we  can  compute  the  back  scattering  cross  section  tf(0)  =  ^r  |u|  |a|~  .  We 
obtain  for  the  scalar  cases  (upper  sign  for  soft  cone,  lower  sign  for  hard  cone) 


(15)    ^ 

«a 


— 1  ' 

^  sin^  I  [(cos  i  -  1)-^  +  (cos  I   -  cos  ^)"^J* 


(16) 


g(«) 


ita 


(ka)' 


(17)      2^  =  2sinf(« 


2     2  ,   . 
sa     n  Kkasm 


rt/n)   /    T!  -v-1-/    n      3n  -  20 Vl 
li^-=^   (cos 1)   +  cos cos -j 

in0L''       ^"        °>^. 


Y  <C<  <2 


(18) 


g(0)  ^  2sin^(a/n) 

2  "^  2       w( 
Jta    n  «kasin  jo 


-i(2ka  sin  0  -  n/h) 


,   n       ,x-l  -/   n      3n-2(y\""'- 

(cos 1;   +{cos-  -  cos  -■,  "  ) 

n        \   n        n   / 


+e 


i(2ka  sin  ^  -   ii/U) 


/   n   ,  x-1  «,   n      3n  +  2Qf  >-l 
(cos 1)   T(cos-  -  cos ) 


0  <  0  <  Y 
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(19)      ^    = 


rta 


2  sin  (rt/n) 
n  n  ka  sln0 


-i(2ka  3inj6  -  nA) 


(C09^-1)        4  i^O^JJ- 


COS 


3Ti-29r 


i-l 


n 


+e 


i(2ka  sin  5^-  "A) 


-1  - 


(cos-  -1)  '1C03-- 


cos 


25^  -  n 


^-1 


n 


""      i  <  n 


1.^ 


Equations  (ID)  and  (l5)  are  not  valid  when  y  *=  "/2,  in  which  case 
the  cone  becomes  a  circular  disk.     In  that  case  the  right  side  of  (ID)  must 
be  replaced  by  that  of  {Vix)  and  that  of  (l5)  by  the  right  side  of  (16). 

In  the  electromagnetic  case  when  9^/0,   n  we  may  define  the  plane    | 
containing  the  axis  of  the  cone  and  the  source   (or  an  incident  ray).     Let  us 
suppose  that  the  incident  wave  is  linearly  polarized  and  that  the  incident 
electric  field  makes  the  angle  T  with  the  normal  to  this  plane.     Then  the 
component  of  the  incident  field  normal  to  the  edge  at  the  points  of  diffraction 
is  proportional  to  sin  Y   and  that  parallel  to   the  edge  is  proportional  to   cos  T, 
Thus  the  back  scattered  field  component  normal  to  the  plane  |    is  given  by 
u  ,(r,0)  cosT    and  that  parallel  to   the  plane  P  is  u  ,(r,0)  sinY  ,     Here 

q  H 

u  -,  and  u  ^   are  the  back  scattered  scalar  fields.     The  superscript  S  refers 

to  the  soft  cone  and  H  to  the  hard  cone.     From  these  results  we  find  that 

the  back  scattering  cross  section  (T„„  for  the  electromagnetic  case  is  given  by 


(20)       <y     (0)  -  a  ((2()   cos^T  ♦  tf„((2f)sin^T 


EM 


(2^  /C,   n 
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-> 

For  axial  incidence  )^  =  o,  tt  the  back  scattered  field  E  is 

given  by 

(21)        E     =  i(uS.  u^)  E^  • 

->  S      H 

Here  E-  is  the  incident  field  at  the  body  while  u  and  u  denote  the 

scalar  back -scattered  fields,  which  may  be  reflected,  diffracted  from 
edges,  or  diffracted  around  curved  surfaces.  The  relation  (21)  holds 
for  back  scattering  along  the  axis  of  any  body  of  revolution.  It  can 
be  proved  by  considering  the  fields  on  the  various  rays.  Upon  combining 


(21)  with  (10)  we  obtain 


(22)     V^  _  4  sin^  U/n)    /        «  .  eos  ^ 
2   "       2      I    n      n 
jta  n       N 


•-) 


Graphs  of  fftO)  versus  y»  based  on  (22)  and  (15),  are  shown  in  Figure  3. 
From  (21)  and  (I'l)  we  find 

(23)    ^l    ,    (^)= 
Jta 

As  ill  the  scalar  case,  when  Y  "■  "/2  and  the  cone  is  a  disk,   the  right 
side  of  (22)  must  be  replaced  by  that  of  (23). 

U,     Flat  based  cone  -  double  diffraction* 

Some  of  the  singly  diffracted  rays  produced  by  the  incident  ray 
traverse  the  base  of  the  cone,  hit  the  opposite  edge  and  produce  doubly 
diffracted  rays.     Some  of  these  rays  return  to   the  source,   contributing 


ira* 
lOr 


9- 
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Figure  3« 

Graphs  of  the  back  scattering  cross  section  for  axial 
incidence  on  the  flat-based  cone  of  Figure  1.  The 
ordinate  is  6(0)/na  and  the  abscissa  is  X}   'the  half- 
angle  of  the  cone.  The  solid  curve,  based  on  (22), 
applies  to  the  electromagnetic  case.  The  dashed  and 
broken  curves,  based  on  (l5),  apply  to  the  acoustic 
cases  of  hard  and  soft  cones,  respectively.  These 

equations  include  only  the  singly  diffracted  field 

2 
and  are  independent  of  ka»  At  y  "  "72  j  <5(0)/na  has 

2 
the  finite  value  (ka)  in  all  three  cases. 


/ 
/ 
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to  the  back  scattering.     We  shall  now  analyze  this  effect  in  the  case 
of  axial  incidence  upon  the  tip  of  the  cone  since  in  this  case  the 
effect  of  double  diffraction  is  greater  than  that  of  tip  diffraction. 

The  field  on  a  ray  singly  diffracted  at  P,   is  given  by  the  fii~st 
term  on  the  right  side  of  (l).     For  a  ray  traversing  the  base  of  the 
cone  p-   «  -a  and  the  diffraction  coefficiertD,   is  given  by 


irtA     . 
(2U)        D     =     ^  ^^° 


n(jt/n)  n^     "        -^     3n\-l  r-   •    n  3"n-1| 

3^  [_(C0S-    -    COS   ^)  +,C05^   -    COS  ^)      J 


n  (23tk)- 

For  the  soft  cone  (2U)  shows  that  D  =  0.     This  ray  reaches  the  point  P_ 
on  the  opposite  edge  when  r-,   »  2a.     The  field  on  this  ray  at  P„  is 

(25)       u^iCP^)'  D(2a)-^/2  ^2ika  -  in/2  ^^^p^^   . 

Similarly  the  field  u  -((P-i)  on  a  ray  produced  at  P_  is  given  by  the  right 

side  of  (2?)  with  u. (P-)  replaced  by  u. (P_),  but  with  the  same  diffraction 
coefficient. 

The  field  (25)  may  be  considered  to  be  the  incident  field  which 
gives  rise  to  a  doubly  diffracted  ray.  The  doub]y  diffracted  field 
u  _(P)  at  a  point  P  which  is  near,  but  not  on  the  axis  will  consist  of 
two  terms  like  those  in  (1),  since  two  doubly  diffracted  rays  pass 
through  P«  One  of  these  comes  from  P^  and  another  comes  from  P-.  Thus 


we  have 


-1  Tl-^/^ 


(26)  u,3(P)  -  R(l»Pi''ri)|"''''/'""^  OjU^jCPl)  *  [^j(l  -  f{\')\ 


ikr 
'       '^"el(P2^ 
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If  the  point  P  is  far  from  the  cone  and  near  the  axis,  D,  and  D,  are  both 

3     h 

equal  to  D  vMch  is  given  by  (25). 

We  now  proceed  to  simplify  (26)  exactly  as  we  did  in  obtaining  (lO)  from 

(1),  In  fact,  by  comparing  (1)  and  (26)  we  see  that  thev  differ  only  by  the 

factor  D-u  (P  )A',u.  (P.).  This  is  so  because  for  (/  -  0,u  (PJ  =  u  ^(P^). 
J   ei  X   1  1  i  el   1     Be     c 

Furthermore,  for  P  far  from  the  cone  and  near  the  axis,  D^  and  D  are  equal  just 
as  D-  and  D,  are.  As  a  consequence  we  can  obtain  the  simplified  form  of  (26)  by 
multiplying  (10)  by  the  factor  given  above.  Since  u  -,(?->)  *^s  given  by  (25)  con- 


tains u.(P^),  the  factor  becomes  D^(2a)~-''''^^  e^^'^^'^'^'^^(D  )"-^,  In  this  way 


we 


obtain  for  the  hard  cone 


H                       on-tr.^(^U\  -1/2  A  ikr.21ka(cot7  +  l)   -  in  A 
(27)      u^  (r,0)      =     gsin  («/n)  a Ae e i ^ 

n^  („ic)l/2  r 


(cos  J-  cos  g)  . 


For  the  soft  cone  D  "  0  and  therefore 


(2«) 


u^2(r,0)  -  0 


Let  us  now  combine  the  singly  and  doubly  diffracted  back  scattered  fields, 
For  the  hard  cone  (10)  and  (2?)  yield 


H  /   „\    H  /  „s   aAsin(n/n)e 
(29)   V<^'°^  ^  "e2f^'°)  = ^-^^ 


ik(r  +  2acot7) 


nr 


3rtx-l 


(cos—  -  1;   +  (cos—  -  cos-^} 
^   n         ^   n     2n 


-  .  /  /  X  2ika  -  ijtA     ^      -z^     ^ 

^   2sin(ff/n)e /  ^  «  _  „„3Jt\-2 

+ i— ^ —   I. [ cos—  -  cos^-J 

/  ,  \l/2  n     2n 

n  (nka)  ' 


The  back  scattering  cross  section  cC(0)  is  now  knr  k'     multiplied  by  the  square 
of  the  absolute  value  of  the  right  hand  side  in  (29).  For  the  soft  cone  (lO)  and 
(15)  still  apply  since  uj  (r,0)  =  0. 


-  15  - 

S  H 

For  the  electromagnetic  csise  we  insert  (lO)   for  u    and  (29)  for  u     into 

(21).     Then  if  A  denotes  the  vector  aniplitude  of  the  incident  field  at  the 

cone,  we  obtain 


— > 


„0)     K,,(r,0)  .  .,,(r,0)  -  -  ^-si-tVo)  e^"'-  -  ^-^r) 


/         K  5it\"l 

(cos cos  =^) 


.    f    /   \     2ika  -  irtA  ,     _p 

,    sin(rt/n)   e  '      ,         it  5Jt\   '=^ 


2   I  -2 
The  back  scattering  cross  section  O^mCo)  is  ^rtr  |a|   miiltiplied  by  the  sqviare 

of  the  absolute  value  of  the  right  hand  side  in  (50).  Graphs  of  <?(0)  versus  ka, 

based  on  (29)  and  (jO),  are  shown  in  Pigxire  k. 

5.  Cone  with  a  spherical  base 

Let  us  now  consider  back  scattering  from  the  cone  of  Figure  2.  When  the 
direction  of  incidence  lies  in  the  range  rt/2  -  7  <  0  <  it  some  incident  ray  hits 
the  cone  normally  and  is  reflected  back  to  the  source.  The  back  scattering 
cross  section  for  such  directions  is  then  given  by  the  well-known  geometrical 
optica  formula 

(51)      "^s  "  °H  "  °EM  "  "*  n/2  -  7  <  0  <  n  • 

When  the  direction  of  incidence  lies  in  the  range  0  <  0  <  n/2  -  7,  only 
a  tip  diffracted  ray  and  one  or  more  surface  diffracted  rays  retiam  to  the 
source.  In  the  range  0  <  0  <  7  infinitely  many  surface  diffracted  rays  return 
to  the  so\irce,  and  they  form  an  axial  caustic  extending  in  the  direction  of  the 
source.  The  field  on  this  caustic  is  the  same  as  the  diffracted  part  of  the 
back- scattered  field  from  a  sphere,  if  rays  which  make  complete  revolutions 
aroiind  the  sphere  are  excluded.  The  latter  field  is  given  in  reference  [15J 
equations  (95)  and  (96).   If  we  add  this  field  to  that  on  the  tip 
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diffracted  ray  we  obtain  in  the  scalar  case 


(32)  u(r,9()  -  ^% 


ikr 


^o/^s/,  ^-l   o/,  \l/3  -T(ka)-^^^  ika(n+2cscYcos?()    .   ^ 
2C(^)(lca)   +  G(ka)  '•^e''       e  »0<5(<y« 


In  (32)  C((2f)  is  the  tip  diffraction  coefficient  for  back  scattering  which  depends 
upon  <^     and  upon  whether  the  cone  is  soft  or  hard.  The  constants  G   and 'f  are 
also  different  in  the  two  cases  and  are  given  by 


(55)  Gg  -  -WV/5  [A'(qJ"^  e 


V5  TA.r.  >V2  i«/5   r  =  .-i«/6  .-1/5 


e"  '   6"  '^  q^jt,  A(qg)  =0  SOFT  CX)WS 


(54)  -Gg  =  .2nVl/5^1  [a(<^)]-2  e^«/^  ^  =  e'W^  5-1/5  ^,  ^.(^^j  ^  0 


HARD  CONE 


In  these  eqxiations  the  subscripts  S  and  H  refer  to  the  soft  and  ha»d  cones.  The 
function  A(q)  is  the  Airy  function.  The  roots  q^^^  and  q„  are  given  in  reference  [15]  • 
The  tip  diffraction  coefficient  has  been  determined  by  L.  B.  Felsen  and.   the  others 
referred  to  in  the  introduction. 

In  the  electromagnetic  case  we  may  Tise  (21)  to  obtain  the  contribution 
to  E  from  siirface  diffracted  rays  in  the  range  0  <  0  <  7.  This  is  so  because  for 
these  rays  in  this  range  the  rear  hemisphere  accoTints  for  the  back  scattering,  and 
it  is  axially  symmetric  about  any  axis  in  this  range.  The  field  back  scattered 
from  the  tip  must  be  computed  with  the  aid  of  the  tip  diffraction  coefficient 
matrix  which  we  will  also  denote  by  C(0).  Thus  we  have 


(55)         ilr,0  ,  J.  ei-- 


1/3 

v-l„/^N    (ka)   '^     ika(n+2c3CYcos5!f) 


2(ka)   ^C(0)+ii^ 


'V 


-r^(ka) 


1/3 


-  V 


-r^^ka) 


l/3> 


\  ,    0  <  0  <  7 
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This  result  can  be  simplified  by  omitting  the  term  G„  exp 


-'^(ka)^/^]    si 


since 


it  is  much  smaller  than  the  teim  G^.  ejcp 


6.     Conclusion. 


'.r^  0^)^/5]. 


On  the  basis  of  the  preceding  considerations  it  is  possible  to  draw 
some  conclusions  about  shaping  an  object  to  minimize  its  back-scsttering 
cross  section  or.  These  conclusions  are 

a)  The  object  should  not  have  any  flal^  cylindrical  or  conical 
surfaces  which  might  be  hit  normally  by  an  incident  wave.  Such  surfaces  can 
only  be  hit  normally  from  a  narrow  range  of  directions.  Although  they  yield 
very  strong  reflections  within  this  range,  they  yield  correspondingly  small 
return  in  all  other  directions.  For  example  an  object  with  an  ogival  nose 
instead  of  a  conical  one  jdelds  a  smaller  reflection  when  it  is  hit  normally, 
but  it  can  be  hit  normally  from  a  greater  range  of  directions.  The  decision 
about  whether  to  include  flat,  cylindrical  or  conical  surfaces  and  thus 
permit  big  reflections  in  a  small  range  of  directions  and  very  little  in  other 
directions,  or  to  exclude  them  and  use  only  doubly  curved  surfaces  whach 
yield  a  somewhat  smaller  reflection  over  a  larger  range  of  directions,  must 

be  based  on  operational  considerations. 

If  only  a  limited  range  of  directions  of  incidence  need  be  considered  then: 

b)  The  object  should  have  no  surface  which  can  be  hit  normally  from 
the  range  of  incidence  directions  under  consideration.  This  is  the  case  for 
a  finite  cone  when  the  incidence  directions  are  confined  to  the  neighborhood 
of  the  axis. 

c)  If  the  object  does  have  a  surface  which  can  be  hit  normally,  that 
surface  should  be  as  curved  as  possible.  Thus  if  the  object  is  a  cone  with  a 
rounded  tip  and  if  the  incidence  directions  are  nearly  axial,  the  tip  should 
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have  as  small  a  radius  as  possible, 

d)  The  object  should  have  no  edge  which  can  be  hit  normally  by  an 
incident  ray.  Thus  if  the  object  is  a  finite  cone  with  a  flat  or  curved  rear 
surface,  the  conical  and  rear  surfaces  should  join  smoothly  and  not  meet  at 

a  sharp  edge.  Whether  a  sharply  curved  surface  behaves  as  an  edge  or  not 
depends  upon  the  relative  sizes  of  its  radius  of  curvature  and  the  wavelength. 
The  larger  the  radius  compared  to  the  wavelength,  the  less  the  surface 
behaves  like  an  edge.  Of  course  rounding  off  such  an  edge  diminishes  the 
back-sc3tteri.ng  from  axial  and  nearly  axial  directions,  but  it  increases 
back-scattering  in  certain  directions  near  the  rear  from  which  reflection  from 
the  round  edge  now  becomes  possible. 

Suppose  the  object  is  a  finite  cone  with  incidence  directions  which  are 
nearly  axial.  Then 

e)  It  should  have  a  rounded  rather  than  a  flat  rear  surface.  This 
diminishes  the  contribution  of  the  surface  rays  which  traverse  the  rear  surface, 

f)  The  rear  sTirface  should  not  be  axially  symmetric.  This  will 
eliminate  the  caustic  of  the  diffracted  rays  on  the  axis,  in  the  case  of 
axial  incidence.  Thus  it  will  significantly  cut  down  the  cross  section  for 
such  incidence, 

g)  The  rear  surface  should  probably  have  some  sharp  edges  or  conical 
tips.  This  will  help  to  interrupt  th^  surface  rays  on  the  rear  surface  and 
cause  them  to  radiate  most  of  their  energy  away  from  the  surface. 

Suggestions  similar  to  some  of  these  have  been  made  by  S»  Silver  and  by 
K.M,  Siegel, 
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